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What?

Rvoids 6= Rfilaments 6= Rclumps

http://chandra.harvard.edu/chronicle/0408/darkenergy/



What?

Inhomogeneous cosmologies

Single geometry
dµ

Multiple geometries
dµn

Statistics ≡ Game Theory

Background independent
(Purely relational)



An analogy

Ecology

I Species

I Population proportions

I Population evolution

I Replicator equation

General relativity

I Spatial curv. types

I Volume proportions

I Volume evolution

I Evol. volume fractions
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Ecology

I n: species index
I Nn: nbr. of individuals
I Total nbr.

NT =
∑
n

Nn

I Population proportions

pn =
Nn
NT

I Population evolution

dNn
dt

= fn(.)Nn

I Replicator equation

dpn
dt

=
(
fn − f̄

)
pn, f̄ =

∑
m

fmpm



Cosmology

Dn =
⋃
i

Dni
,

DT =
⋃
n

Dn.

ds2n = −α2
ndt

2
n + hnµν (dxµn + βµndtn) (dxνn + βνndtn) .



How?

∂ln
√
hn

∂tn
= −αnKn +Dn

µβ
µ
n = fn (evol. 3−metric)

∑
i

∫
Dni

∂
√
hn

∂tn
d3xn =

∑
i

∫
Dni

fn
√
hnd

3xn.

∂Vn
∂tn

= 〈fn〉Vn, 〈fn〉 =

∑
i

∫
Dni

fn
√
hnd

3xn

Vn
.

dτn = αn︸︷︷︸
int.

dtn = εn︸︷︷︸
ext.

dt

 ,
αndtn
αmdtm

=
εn��dt

εm��dt

∂Vn
∂t

= 〈Fn〉Vn, 〈Fn〉 =
εn
αn
〈fn〉 → Fitness

α− α0

ε−, ε0



How?

Volume evolution

∂Vn
∂t

= 〈Fn〉Vn, pn =
Vn∑

m
Vm

〈〈F 〉〉 =
∑
m

〈Fm〉 pm

Replicator equation

∂pn
∂t

= (〈Fn〉 − 〈〈F 〉〉) pn



Game theory and Replicator eq.

I Payoff matrix - Fitness

Fn =
∑
r

πnrpr.

I Rock-Paper-Scissors

π̂ =

Rock Paper Scissors
Rock (0, 0) (−1, 1) (1,−1)
Paper (1,−1) (0, 0) (−1, 1)

Scissors (−1, 1) (1,−1) (0, 0)

FRock = 0× 1

3
+ (−1)× 1

3
+ (+1)× 1

3



Nash equilibrium and ESS

I Nash equil. → Max payoff ∀ i, j
I Evol. stable strategy → Fixed points
I GR

∂pn
∂t

= (〈Fn〉 − 〈〈F 〉〉) pn = 0

〈Fn〉 = 〈〈F 〉〉 → F− = F0 = F+

“Geometric statistical homogeneity”



Example: Timescape

n : walls, voids.

αn = 1, βn = 0, t→ t̄, εn = {1/γw, 1/γv}

For voids,

〈Fv〉 = Hv(t̄) =
1

av

dav
γvdτv

〈〈F 〉〉 = H̄ = pvHv + pwHw

∂pv
∂t̄

=
dpv
dt̄

= 3pvpw (Hv −Hw)

dpv
dt̄

= 0→ Hv = Hw → Uniform Hubble flow!

Non− autonomous system!



Relative information entropy

Kullback-Leibler divergence

DKL (p∗||p) =
∑
n=1

pn(t∗) ln

(
pn(t∗)

pn(t)

)
.

dDKL (p∗||p)
dt

< 0

Lyapunov function

DKL (p∗||p)
∣∣∣∣
t∗

= 0

(Relative “relative” information)



Information entropy

DKL (p∗||p) = −

(
−
∑
n

pn(t) ln pn(t)

)
︸ ︷︷ ︸
Self/Gibbs/Shannon entropy

∣∣∣∣
t=t∗

+

(
−
∑
n

pn(t∗) ln pn(t)

)
︸ ︷︷ ︸

Cross entropy

S = −
∑
n

pn(t) ln pn(t)

∂S

∂t

∣∣∣∣
t∗

= 0 → Smax

Fixed points → Geometric statis. homogeneity



The rest?

I Matrix notation → Grassmann manifold

Gm(H) := {P̂ ∈ Hom(H) : P̂ = P̂ 2, P̂ = P̂ †, T rP̂ = m ∈ Z+},

T rP̂ = 1→ Pure states, P̂ = |Ψ〉 〈Ψ|

|Ψ〉 =
√
p−|−〉+

√
p0|0〉+

√
p+|+〉,

I Payoff matrix (π̂)→ Fitness matrix (F̂ ), Fnn=
∑
πnrpr

I Lax-type replicator equation

∂P̂

∂t
=
[
Λ̂, P̂

]
, Λ̂ =

[
F̂ , P̂

]

i
∂P̂

∂t
=
[
Ĥ, P̂

]
, Ĥ = iΛ

I SU(n) structure → Evol. on Bloch sphere.



Summary

I Inhomogeneous cosmo. → multiple geometries.

I Statistical evol. → replicator eq. → game theory.

I Fixed points → Nash equil. → an attractor

I Max. self information entropy → geometric statis. hom.

I The rest:
Non-linear, non-autonomous system, with constraints.

Light propagation? Optical matrix: Ô →
〈〈
Ô
〉〉

= Tr
(
ÔP̂
)

Boundary conditions?
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