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Large-scale structure

Understanding the large-scale structure of
the universe is one of the main goals of the
modern cosmology. Not only is it important
for the evolution of Universe but also it can
help us to uncover one of greatest mysteries

of our Universe — Dark energy.

The large-scale distribution of galaxies
observed by the Sloan Digital Sky Survey.
Each dot is a galaxy; the colour bar shows
the local density.

© SDSS collaboration




Newtonian cosmological perturbation theory (NCPT)

Newtonian perturbations with co-moving coordinates - simplified case

dp 1
—— +3Hp+=V,- (pu) =
6t+3 p+a - (pu) =0,

r =ax

The peculiar velocity is defined by

u=a—=v — Hr,
dt

The evolution equation of density contrast

ou 1 1 1
E+Hu+a(u°|7x)u = T xp—EVxCD,

Vid = 4nGpya’Sp

The density contrast is defined by

p=py(1+dp)

Difficult to solve analytically!!

dop

+2H = =
ot  pa?

1 1 1
Ap + = Ve - [(1 + 6p)V D] + ?Z 0;0;[(1 + 6p)u;u;]
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N-body
simulations

/=0, t=13.6 Gyr

15 Mpc/h thick

Millennium Run

* Volker Springel

Max-Planck-Instiut et. al.
fiir Astrophysik 2004
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Lagrangian perturbation theory (LPT)

Newtonian case

9% 3o+ iv . (ow) = 0
¢ TP ) =0,

u

1 1 1
PR +Hu+a(u-|7x)u= ——Vyp — =V, P,

ap a
A, ® = 4nGp
Define the displacement field which describes the displacement of the fluid volume elements away from their initial positions.

x=a(t)(X+ P(X,t))

The transformation matrix The mass conservation

oP;(X,t) WISE det/;; (X, ¢o)

The mass density is analytically given by an equation of displacement field!!
The large-scale structure formation is described by the evolution equation of

the displacement field!!

Jij (X, t) =6 +
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Euler-Jeans-Newton (EJN) model

where the velocity dispersion is approximated by an isotropic tensor field which is commonly modelled as a

function of the local density

p =p(p)

The evolution equation of the displacement field is

pup'(p)

P+ 2HP — AnGpyP = ) Ao P Ag: with respect to X
Single-streamed flat dust model p. 9P o
ot

The evolution equation of the displacement field is |= 0:P + al(U-V)P

P+ 2HP — 4nGpyP = 0

linear solutions as Px D" a(X,0), P < D~ B(X,0) a, 3
2
where Dt « t3, D™ ot !
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To solve evolution equations, suppose
(0 ]

P(X,t) = Z emMpm)(x t)

m=1

For dust case, the displacement field
has the form

P M (X,t) « g™ (£)Q(X)

For other cases, the spatial part of the
displacement fields is related to the
evolution equation so the form of the
displacement fields is quite complicated.

are functions of position describing
the initial data.

*see T. Buchert et. al’s works.



/el’dovich approximation

Applied the linear theory to the dust in the Newtonian approximation in terms
of Lagrangian coordinates.

r =a(t)q + b(®)p(q).

By choosing the appropriate coordinates system, the conservation of mass is
given by

p(a —ab)(a — pb)(a —yb) = pa’

= 0.

0D
a, B,y are the three roots of ‘6—2‘_ + &0;;
J

It is apparent that the Zel’dovich approximation is a special case of first order Iaglﬁv_Bg;OV'Ch zel'dovich

of Lagrangian perturbation theory (Buchert 1989).

. . . . o « A&AS5, 84-89 (1970).
Even for not small mass density perturbations, the solutions of LPT is qualitatively correct. Rev. Mod. Phys. 61, 2 (1989).

In other words, the LPT contains more non-linear information of large-scale structure than
NCPT .
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Summary: the differences between NCPT and LPT

» In a Lagrangian perturbation theory, only one variable, the trajectory field
x = f (X,t),is perturbed.

» The first order Lagrangian approximations covers the so-called Zel’dovich
approximation with some restrictions. (Buchert et.al. RZA1, 2, 3)

» A Lagrangian perturbation solution includes nonlinear terms thus contains
more nonlinear information than Eulerian perturbation solution.

» A problem is , where different particles may have same
physical positions. Adhesion approximation is developed trying to solve this
problem (A&A 438 (2005) 443)




LPT in relativistic cosmologies — the perfect fluid

The two conservation laws in Newtonian case are replaced by three conservation laws:

energy-momentum tensor

the rest mass density conservation: dep +60p =0
y th p Taﬁ = (e + p)uauﬁ + phaﬂ
_ . expansion rate
the energy density conservation: die+0(e+p)=0 0 =V
(04
; acceleration field
the momentum conservation: a; + h’ dip=0 B
eE+p ! Ay = u’Vgug,

the metric is given as follow using the Lagrangian coordinates
ds® = —=N?dt* + g;;dX'dX’
p . . . . .
N = prwe is lapse function, and g;; = h;; is spatial metric.
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Dynamical equations

Constraint equations:

R+ K?— Kji Kij =16mGe R is the spatial Ricci scalar

Dl-Kji —JiK=0 K is the trace of extrinsic curvature

“D” means the covariant derivative with respect to the spatial metric.

Evolution equations:

%Kg = N[R§ + KK§ — 4nG55 (e —p) — (Dga® + a%ag)],
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To develop LPT in relativistic cosmologies, one can use Cartan’s co-frames n4, a
non-coordinate basis of 3-dimensional space, so the spatial part of metric can be
rewritten as

g ="08um"Q®n° = g;;dX' @ dXx’
and define the deformation one-form fields, P (X, t)
n® =nidx', ni=a@®[6 + P (X 0)]
In this case, the field corresponding to the Newtonian Jacobian matrix:

1 |
J = det(n?) = geabCE"‘ln?nz’inf

the expansion rate and the mass density conservation are

1 .
0 = Zeabc#’“nf‘m?nf, pl = poJ,

the dynamical equations of the perfect fluid can also be represented by co-frames.
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Assumptions and initial conditions

assumptions:
« Friedmann equations still hold for background spacetime.
9tavz _ dta _ _ _ _PH
3( a ) = 8T[GEH, 3 a 4‘T[G(EH + 3pH)' b = entpn

. Pressure is only the function of energy density, e. g. p = p(€) = we.

initial conditions at time tj:
N, = b,(1+ 6N,), p, = py. (1 + 6p.), so do €,and p-.
P(X,ty) # 0 so that at initial time 7j;* # &;".
a(ty)=1.
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The evolution equation for the trace of displacement field for
perfect fluid:

0P + 2H(1 — 3w)0.P — 4nG(ey + 3py)(1 — w)b?P = a 2b*wA,P

where Ay = 6ij0i6j is the linearized trace of the Laplace-de Rham operator on the manifold.

deformation
fields
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w = 0: dust case

For this case, the evolution equation reduce to the well-known dust
equation:

0P + 2HO0,P — AntGeyP = 0

with the solution

P=D%a(X,0), P=D" B(X0)

2
DT =t3, D~ =t"1



w # 0 perfect fluids case

Unlike in Newtonian cosmologies, there is no global coordinate system in
relativistic universe which means Fourier transformation is not invertible.

Consider the solution has the form

P(t,X) = Py (t, K) Q¥ (X, K)

APr(t,K) =0, A,QF (X K) = -K?QK) (X, K)

K|* = K? [Helmholtz equation}
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The temporal part becomes

07Px + 2H(1 — 3w)0.Px — 4G (ey + 3py) (1 — w)b?Py = —a 2b*wK?Py

The solutions are

P. =Dc, + DY,

2./ a-wK? v
D = 1,5 2 ——t2)
1—9w 3w+ 5 _2(1+3w)

“=sa-wF T aaTamt T

a

3(1—w) '

4 )
C12)
are two arbitrary functions
of K and only depend on
the initial condition.

N

J

4(1-3w)
= b? ai_ztiS(l_W)



Summaries

€@ Can be reduced to dust case.

€ But: solutions can be obtained in this case by the strategy:

- solving the Eulerian problem in global coordinates using Fourier
transformation

- performing inverse Fourier transformation to obtain an Eulerian solution
in terms of x
- replacing formally x by X, the so-constructed solution solves the

Riemannian problem by construction, since the equation is algebraically
identical.



Anisotropic stress?
One can consider anisotropic pressure
T/,n/ = (e + p)u,uuv T PGy T Ty

It can be easily imaged that with the appearance of anisotropic
pressure, the situation becomes even more complicated. In this case
the fluids are not perfect fluids and their equations of state are not
clear until we choose some special ones. A hard task in this case is to
find the way to relate the physical dynamics to the deformation fields.
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Thank you for your attention!



