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GR: Intro

1. spacetime = 4D (curved) pseudo-Riemannian
manifold M with metric g

2.V spacetime point x 3 4D Minkowski tangent space
Ty M at x

= vector space (e.g. 4-momentum vectors)
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GR: Intro

1. spacetime = 4D (curved) pseudo-Riemannian
manifold M with metric g

2.V spacetime point x 3 4D Minkowski tangent space
Ty M at x

= vector space, g = lengths of vectors in T3 M
3. also, vx € M, 3 4D Mink. cotangent space T} M
= dual vector space (think: contour map, gradients)
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GR: Intro

1. spacetime = 4D (curved) pseudo-Riemannian
manifold M with metric g

2.V spacetime point x 3 4D Minkowski tangent space
Ty M at x

= vector space, g = lengths of vectors in T3 M
3. also, vx € M, 3 4D Mink. cotangent space T} M
= space of one-forms, g—! = “lengths"

duality in a basis of Tx M and a basis of T M usually
defined using ¢,
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GR: Intro L

1. spacetime = 4D (curved) pseudo-Riemannian
manifold M with metric g

2.V spacetime point x 3 4D Minkowski tangent space
Ty M at x

= vector space, g = lengths of vectors in T3 M

3. also, vx € M, 3 4D Mink. cotangent space T} M
= space of one-forms, g—! = “lengths"

2+3. vector—one-form duality in a basis: ¢,

4. w:Levi-Civita connection < metric

5. metric < Einstein field equations

=
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cos 0 B
sin B
\ cosf) —sinb 1
, +
7 sinf) cosf 0
, cos) —sinb
sinff  cost
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€r = N\, € + Ai, €y
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also:

—sinf
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cost/ —sinb
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where Ag, = element
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gx/ p— Ag/ é)x _|_ Ai/ gy, :I;/ :I;
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p = p'e; (w:Einstein summation)
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é)x/ p— Ag/ é)x _|_ Ai/ fg)\/y7 :I;/ :I;
é;J’ p— AZ/ gx —I_ A??j/ 5y’ ﬁ%(’)/ / p— A

p = p'e; (w:Einstein summation)

Einstein summation:

e coordinates like r, 0, x, v:

—

not a sum: AZ, €

e repeated up-down coordinate indices like i, 5 € {0, 1,2}
Or&?ﬁ?W/?A?/’L?VE{O?]‘?Z?g}:

sum: Az & = AJ & + Ag, e, for a 2D manifold, coords z, y

=

oA [ -2 s KAy - [Vi/ =0 -R-[5]  sk+ecR

1

— p3


http://en.wikipedia.org/wiki/Einstein summation

GR: coordinate transfor mations

é)x/ p— Ag/ é)x _|_ Ai/ EE)\/y7 :I;/ :I;
5y/ p— AZ/ gx —I_ A??j/ 5y’ ﬁ%(’)/ / p— A
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new basis vectors = sum of inverse A x old vectors
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é)x/ p— Ag/ é)x _|_ Ai/ EE)\/y7 :I;/ :I;
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p = p'e; (w:Einstein summation)

new basis vectors = sum of inverse A x old vectors
— L 1Y —

ew =2, N €
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GR: coordinatetransformations 1

é)x/ pu— Ag/ é)x _|_ Ai/ EE)\/y7 :I;/ :I;
5y/ p— AZ/ gx —I_ A??j/ 5y’ ﬁ %O/ / p— A
p = p'e; (w:Einstein summation)

new basis vectors = sum of inverse A x old vectors
new coords of vector p’= Ax old coords of same vector p’

=
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é)x/ pu— Ai/ é)x _|_ Agj/ é)y7 :E/ :E
é;J’ p— AZ/ gx —I_ A??j/ 5y’ ﬁ %O/ / p— A
p = p'e; (w:Einstein summation)

new basis vectors = sum of inverse A x old vectors

vector invariance requires contravariance of its coords
“contra" = inverse of change of basis vectors
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GR: coordinatetransformations 1

é)x/ pu— Ai/ é)x _|_ Agj/ é)y7 :E/ :E
é;J’ p— AZ/ gx —I_ A??j/ 5y’ ﬁ %O/ / p— A
p = p'e; (w:Einstein summation)

new basis vectors = sum of inverse A x old vectors

vector invariance requires contravariance of its coords
“contra" = inverse of change of basis vectors

e p IS Invariant: no dependence on coords
e p'IS contravariant: p* change inversely to ¢;
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )
write ¢, := 9 =: (d¢),
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(x,y) = o(2', /)
write ¢, := 9 =: (d¢),

What is the relation between (¢ ., ¢,)
and (¢, ¢,y)?
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )
write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/

0¢ __ 0¢ Ox 0¢ Oy
= ox’ — Ox Oz’ + Oy Oz’
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— ¢,x’ — ¢,x Ty + ¢,y Y.z
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¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(x,y) = o(2', /)
. a ~
write ¢, = 92 =: (d¢),
¢ depends either on z and y, or on 2’ and ¢/
j ¢7:13/ — ¢7w ZCVCI;/ —I_ ¢7y y?'CC/
(¢,$/7 ¢7y,) — (¢,LB ajax, _|_ ¢7ly yax/ ) ¢,37 xay, _|_ ¢7y yay,)
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¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
— ¢,x’ — ¢,x Ty + ¢,y Y.z

(¢,x’>¢,y’) — (¢,x>¢,y) ( Lty )
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends elther on z and vy, or on 2/ and ¢’
= ¢,x’ — ¢,x X x + ¢,y Y.z

(¢,£IZ’7 ¢,y’) — (¢,£IZ7 ¢,y) ( ha )

Yo' Yy
‘/’Ij —_—
Yy

—q] /
C?Se s ) ( w, ) (example: rotation)

sin cosf@

Y
:Ex:gg cos 6
or _ _
Ty = Gy sind ...
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
— ¢,x’ — ¢,x Ty + ¢,y Y.z

(¢,x’>¢,y’) — (¢,x>¢,y) ( Lty )

Yo' Yy
/
€T :E’x/ ./E’y’ €T
= , (general)
Yy Yz Yy Yy
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¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
— ¢,x’ — ¢,x Ty + ¢,y Y.z
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Yo' Yy
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Yy Yy
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
— ¢,x’ — ¢,x Ty + ¢,y Y.z

_ Lo Ly
(¢,:Ij ,¢7y ) (¢,£I?7 ¢,y) < y,x/ y’y, )

( . ) = A1 ( x: ) (general)
Yy Yy

= (b0, b) = (B, 0y) A7
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends either on z and y, or on 2’ and ¢/
— ¢,x’ — ¢,x Ty + ¢,y Y.z

_ Lo Ly
(¢,:Ij ,¢7y ) (¢,5E7 ¢,y) ( y,x/ y’y, )

( . ) = A1 ( x: ) (general)
Yy Yy

~ ~

d¢ = ((d9), (d)y) = ((d§)s, (dd),) A~
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GR: coord. transf.: 1-forms

¢ = scalar field = ¢(z,y) = ¢(2', )

write ¢, := 9 =: (d¢),

¢ depends elther on z and vy, or on 2/ and ¢’
= ¢,x’ — ¢,x X x + ¢,y Y.z

_ Lo Ly
(¢,:Ij ,¢7y ) (¢,5E7 ¢,y) ( y,x/ y’y, )

( . ) = A1 ( x: ) (general)
Yy Yy

(das) ) ((d9)a, (dg)y) A~



GR: coord. transf.: 1-forms

—

basis vectors of different bases: €,, = A" €,

same vector: () = AY ()

=

oA [ -2 s KAy - [Vi/ =0 -R-[5]  sk+ecR


http://en.wikipedia.org/wiki/Covariance and contravariance of vectors

GR: coord. transf.: 1-forms

—

basis vectors of different bases: €,, = A" €,

same vector: p# = AXp¥
same gradient (example 1-form): (d¢),, = (d¢), A",
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GR: coord. transf.: 1-forms

—

basis vectors of different bases: €,, = A" €,
same vector: p# = AXp¥
same gradient (example 1-form): (d¢),, = (d¢), A",

e Vector p'is invariant. no dependence on coords
e p'IS contravariant. components p” change inversely to

how ¢, change; Inverses: matrix {AVM,} VS {ABO;}
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GR: coord. transf.: 1-forms

basis vectors of different bases: €,, = A" €,
same vector: p# = AXp¥
same gradient (example 1-form): (d¢),, = (d¢), A",

e Vector p'is invariant. no dependence on coords
e p'IS contravariant. components p” change inversely to

how ¢, change; Inverses: matrix {AVM,} VS {ABO;}

e 1-form d¢ is invariant: no dependence on coords

e d¢ is covariant: components (d¢) , change like €, (but
left-multiply)
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GR: coord. transf.: 1-forms L

—

basis vectors of different bases: €,, = A" €,

same vector: p# = AXp¥
same gradient (example 1-form): (d¢),, = (d¢), A",

e Vector p'is invariant. no dependence on coords
e p'IS contravariant. components p” change inversely to

how €, change; inverses: matrix {A”, } vs {ABO;}
e 1-form d¢ is invariant: no dependence on coords
e d¢ is covariant: components (d¢) , change like €, (but

left-multiply)
w:Covariance and contravariance of vectors
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GR tensors: two different scalar products

vector—1-form duality requirement:
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GR tensors: two different scalar products

vector—1-form duality requirement:

<ﬁ7 g> — Z p'uq#
L
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GR tensors: two different scalar products

vector—1-form duality requirement:

<ﬁ7 g> — p'UQ,u
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GR tensors: two different scalar products

vector—1-form duality requirement:

~

<ﬁ7 g> — pMQ,u — ﬁ(Q)
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GR tensors: two different scalar products

vector—1-form duality requirement:

(P, q) = p"qu = p(q) = 4(p)
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p"'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor
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GR tensors: two different scalar products
vector—1-form duality requirement:

(P, 4) = p"qu = p(q) = 4(p)

(,)Yisa(l,1) tensor

can be called I with components ¢, in a coordinate basis
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GR tensors: two different scalar products
vector—1-form duality requirement:

(P, 4) = p"qu = p(q) = 4(p)

(,)Yisa(l,1) tensor

think: vector — column vector
1-form — row vector
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p"'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

0
(C]m%)(é 2) (;)
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p"'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

0 0
(%m)(é 2) (il ) = (q(),m)(il)

=
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p"'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

0 0
(%m)(é 2) (il ) = (q(),m)(il)

=
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GR tensors: two different scalar products

vector—1-form duality requirement:
P, @) = p"'qu = p(q) = 4(P)
(,)Yisa(l,1) tensor

(CJo,m)(é 2) (i(l) ) = (qo,m)(?) = pHqy

(, ) =(1,1)-tensor = “row-column" matrix I with I, = ¢,

=
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GR: ﬁ)d?<p—)7q/>7g

GR tensors: two different scalar products
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

ordinary linear algebra: column vectors, row vectors,
matrices
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GR: p, q, (D, Q)

- P4, \P>4) 59

GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays
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GR: p,q,(p,q), 9
GR tensors: two different scalar products

(m, n)-tensor algebra: m column n row m + n-arrays
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(m, n)-tensor algebra: m column n row m + n-arrays

(m, n)-tensor = function of m 1-forms and n vectors

V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V* @ V* =space of (0,2)-tensors T = T),,e" ® e’ (e.g.
metric) w:tensor product

loosely speaking, the second ® means “function of two
vectors" (or 1-forms, or a vector and a 1-form) in that
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(m, n)-tensor = function of m 1-forms and n vectors

V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V*® V* =space of (0,2)-tensors T = T7),,¢" ® € (e.Q.
metric) w:tensor product

orderof V*@ V* =2

warning: the “rank" of tensors has two different
meanings: w:Tensor_(intrinsic_definition)#Tensor_rank

=

0-E=-Ae- [0 @ &2 Ay 00 - [V =0-R-[5]  sreecr

— p7


http://en.wikipedia.org/wiki/tensor product
http://en.wikipedia.org/wiki/Tensor_(intrinsic_definition)#Tensor_rank

GR: p, q, (D, Q)

- P4, \P,4) , 9
GR tensors: two different scalar products
(m, n)-tensor algebra: m column n row m + n-arrays
(m, n)-tensor = function of m 1-forms and n vectors
V' = space of vectors p = p¢e,

V* = dual space of 1-forms ¢ = ¢,,e*

V* @ V* =space of (0,2)-tensors T = T),,e" ® e’ (e.g.

metric) w:tensor product

orderof V*@ V* =2
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e.g. Euclidean g on R?. g inr, 0 coords is ( 0 2 )
,

. . 1 0
and g In z, y coords Is ( 01 )
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e.g.. metric g = function of two vectors
= “row-row" matrix

| | (10
e.g. Euclidean g on R?. g inr, 0 coords is ( 0 2 )
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. . 1 0
and g In z, y coords Is ( 01 )

also written: A- B “dot product"
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e.g.. metric g = function of two vectors
= “row-row" matrix
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e.g. Euclidean g on R?. g inr, 0 coords is ( 0 2 )
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. . 1 0
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= “row-row" matrix
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’

e.g. 9 =gné Qe + gpe" @& + goge’ @+ ggpe’ @ &
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g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’

€.0.9= grre’ @€ + 99969 & &’
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
check: g(é;,€e.) = grp?
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
0(€, &) = (grre" ® & + gppe’ © &%)(er, &)
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &

a(ér,€r) = g€ @€ (€, e) + 99959 2y ée(é;“v ér)
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &

g(é}, 57") — Jrr é’”’“(é’r) ér(gr) + 9o ée(gr) ée(gr)
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &

9(57"7 57") = Jrr <ér7 57"> <ér’ €r> + 9op <é'97 57“> <é97 é}>
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &

g(€r,er) =g X 1 X 14 ggg x 0 x 0 by duality through
scalar product ( , )

=

oA [ -2 s KAy - [Vi/ =0 -R-[5]  sk+ecR

1

— pg



GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
ag(er, €r) = grr Self-consistent definition

=

oA [ -2 s KAy - [Vi/ =0 -R-[5]  sk+ecR

1

— pg



GR: metrictensor g, g !, bases

g can be applied to basis vectors €,

we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’

e.g. g = gé" ®é" + ggpe? @ &

inverse: g~ ! = ¢g"’¢, ® é,,
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GR: metrictensor g, g~ !, bases 1
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gmé @& + gppé? @ &’
inverse: g~ ! = ¢g"’¢, ® é,,

where ¢"“g,, = 0%,
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:
9(A, B) =g~ (A, B)
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

o(A, B) =g (A4, B)= A- B
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

g(A,B)=9 YA, B)=A B = g,, A*B"
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,
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GR: metrictensor g, g ', bases
g can be applied to basis vectors €,
we can define components (used earlier): g, := g(€,,¢€,)
=g = gue' e’
e.g. g = gé" ®é" + ggpe? @ &
inverse: g~ ! = ¢g"’¢, ® é,,
where ¢#“gq, = 0",
duality of associate vectors and 1-forms:

—

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,

lower an index: g, A" = A,
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GR: metrictensor g, g ', bases

g can be applied to basis vectors €,

we can define components (used earlier): g, := g(€,,¢€,)

=g = gue' e’

€.0.9= grre’ @€ + 99969 & &’

inverse: g~ ! = ¢g"’¢, ® é,,

where ¢"%g,,, = &',

duality of associate vectors and 1-forms:

g(A,B) =9 YA,B)=A-B =g, A*B" = ¢" A,B,

lower index: g, A" = A,

=

raise index:. ¢*¥ B, = B#
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GR: what 1sa coordinate?

a coordinate, e.g. 2" or z! is a scalar field on the
4-manifold
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GR: what 1sa coordinate?

a coordinate system x* = set of four scalar fields on the
4-manifold
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GR: what I1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

(Bertschinger writes zk to show dependence on position
x In manifold # vector space)

=
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GR: what I1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere
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GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

e.g. on R?
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GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

1
h _
| _

> o |

e.g. on R?

=
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GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

scalarofield r : l e . g . O n R2
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GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

scalarofield 6 : 1 e ] g ] O n RQ

=
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GR: what 1sa coordinate? L

a coordinate system x* = set of four scalar fields on the
4-manifold

z# are differentiable almost everywhere

scalarofield 0 : 1 e.g. On RQ
coordinate singularity # singularity in manifold

=

m-wm--@--@-@-@m--m@-m@ SR+€GR _p.10



GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:
dz = dz*e, and

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

(Bertschinger writes V for the gradient d)

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:
dz = dz*e, and
df = (df,d7) for any scalar field f coordinate-free

where d = &9, in a coordinate basis
check: df = (df,d¥)

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

l.e. df = (9,.f) da* since (e*,¢&,) = o,

=

0-WE-[de [0 g- A lds? WA M- [V =0 R-[5]  sr+ecr v -pil



GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

Le. df = ZM %dx“

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

l.e. df = (9,.f) dx*

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

l.e. df = (9,.f) dx*

check:; dz# = &9, zH

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

l.e. df = (9,.f) dx*

check:; dz# = &9, zH

— ZV e’ V:E'u

=
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GR: what isa coordinate basis? !
coordinate basis: €, €” chosen so that:
dz = dz*e, and
df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis
check: df = (df,d¥)
= (e'0, f,dx"ey)
= (0,.f)dz” (e, €,) since scalars commute
l.e. df = (9,.f) dx*
check:; dz# = &9, zH

~y 0
_Z V@x’/

=
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GR: what isa coordinate basis?

coordinate basis: €, €” chosen so that:

dz = dz*e, and

df = (df,d7) for any scalar field f coordinate-free
where d = &9, in a coordinate basis

check: df = (df,d¥)

= (e'0, f,dx"ey)

= (0,.f)dz” (e, €,) since scalars commute

l.e. df = (9,.f) dx*

check: dz# = ¢¥9,z#
_ oH

=
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GR: metricusing dx

we now have

=
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GR: metricusing dx

we now have

ds? := |dZ|?

=
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GR: metricusing dx

we now have
ds? := |d7|? :=g(dZ, d7)

=
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GR: metricusing dx L

we now have
ds? := |d7|? :=g(dZ, d¥) = dT - d¥ coordinate-free

=

- A [ g &2 A - [V =0 -R- 5] sr+ecr V-pi12



GR: metricusing dx L

we now have
ds? := |d7|? :=g(dZ, d¥) = dT - d¥ coordinate-free

ds? = g dxtdz” If z# are a coordinate basis

=
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GR: e.g. Euclidean g on R”

Jdro and Jxy
ds? = dz? + dy? = dr? + r*db?

=
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GR: e.g. Euclidean g on R”
dro and Jzy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero
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GR: e.g. Euclidean g on R” L

Jro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

é)fr'é)lr':l,é’e'é)@:rz#l

Y

=
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GR: e.g. Euclidean g on R” L

Jro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

—

e -6 =1,6Ep-€p=12#1
9o = 0 = g™ =1 = g%, g™ =0 = g%

=
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GR: e.g. Euclidean g on R” L

Jro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

—

e -6 =1,6Ep-€p=12#1
9" Ggay =0 = g7 =1=gW, g™ =0 = g¥*
bUt gfm" —1 #999 :T—Q’gre :O:ger

=
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GR: e.g. Euclidean g on R” L

Jro and Jaxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

—

e -6 =1,6Ep-€p=12#1
9" Ggay =0 = g7 =1=gW, g™ =0 = g¥*
bUt gfrfr —1 7ég@@ :T—Q’grﬁ :O:gﬁfr
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GR: e.g. Euclidean g on R”
Jdro and Jxy
ds? = dz? + dy? = dr? + r*db?
€ - € = 1 = €, - €, others zero

—

e -6 =1,6Ep-€p=12#1
g Gar = 0 = g =1 =gW, g™ =0 = g%
but gT =1 7ég@@ :T—Q’grﬁ :O:gﬁfr

0 A=A [ g kM- lds?]. Ay - [V =0 R[S sk-ecr

-p.13



GR: gradient of avector: vA 1

gradient of scalar field; d¢ = V¢

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1

what is gradient of vector field VA?
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1

VA =V(47¢,)

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: vA 1
VA =V(Av¢)
— 1Y, (AVE,)
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— a1, (AVE,)
= e ® [(0,A4Y)e, + AY0,€,] by product rule and linearity
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(AE,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
=elo,(A%e,)
= 0,A%et @ e, + AVet ® 0,6,
give a name to the second part: it must be a linear
combination of basis vectors ¢,

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
= elo,(Ave))
= 0,A%et @ e, + AVet ® 0,6,
define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = 9, AVé" ® €, + Ave" @ T, &)

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = 9, AVé" ® €, + Ave" @ T, &)

_ TR A Sl 2 S A
= guAvel @ e, + AT, e ® €) since any I, Is a scalar

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = g, Ave* @ &, + Avét @ T, )
= 0, AVe" @ €, + A, L @8,
since name of summation index is arbitrary, e.g.

Z)\ x_Z)\ — Z,u :E—Q'u — ZV :E—QV

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = 9, AVé" ® €, + Ave" @ T, &)
= 0, AVe" @ €, + A, L @8,
= (0, AV + ATY, e ® &,

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = 9, AVé" ® €, + Ave" @ T, &)
= 0, AVe" @ €, + A, L @8,
= (0, AV + ATY, e ® &,

V.. AV .__ 1 ATV
VAV =AY, = 9,4V + AMTY,,

w:covariant derivative of vector
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http://en.wikipedia.org/wiki/covariant derivative

GR: gradient of avector: VA L
VA =V(47¢,)
— &40, (AVE,)
= 0,A%et @ e, + AVet ® 0,6,

—

define I}, ¢\ := d,¢, Christoffel symbols of second kind
(symmetric defn)

S0 VA = 9, AVé" ® €, + Ave" @ T, &)
= 0, AVe" @ €, + A, L @8,
= (0, AV + ATY, e ® &,

UV . AV .__ AV ATV
VA =AY, = A+ AT

w:covariant derivative of vector

=
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http://en.wikipedia.org/wiki/covariant derivative

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

=

m-wm--@--@-@-@m--m@-m@ SR+€GR v -pil5


http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(d) e

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: VandI", L
mathematically deeper: V, usually written just as V, is

the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(Vﬂgb)é“ — (8Mgb)é“

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection

warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(Vyug)et = (Oud)et
and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components VA" = 9, A" + AAFVAM

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(Vyug)et = (Oud)et
and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components VA" = 9, A" + AAFVAM

o tensors: Vo = (9,¢)é",

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(Vyug)et = (Oud)et
and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components VA" = 9, A" + AAFVAM

=
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: V and W L

mathematically deeper: V, usually written just as V, is
the w:Levi-Civita connection
warning: I, ~are NOT the components of a tensor

e V applied to a (m, n)-tensor field on a manifold gives an
(m,n + 1)-tensor field

so far we showed how V applied to a (0, 0)-tensor field =
scalar field ¢ gives a (0, 1)-tensor field = one-form field =

(Vyug)et = (Oud)et
and V on a (1,0)-tensor field = vector field A gives a
(1,1)-tensor with components VA" = 9, A" + AAFVAM

JLe not components of tensor: T |
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http://en.wikipedia.org/wiki/Levi-Civita connection

GR: gradient of one-form V A

how does a one-form change with position? VA =?
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0,,0% = 0 (obviously)

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0" = 9y ((€”, €)))

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0%, = 9, (&, 8))

can we use the product rule with this scalar product?

0 ((45)) -

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0,0\ = 9 ((¢”,€)))

can we use the product rule with this scalar product?
0, (<A, §>) — 9, (A,B¥) in some coordinate basis

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0,0\ = 9 ((¢”,€)))

can we use the product rule with this scalar product?
0, ((A.B)) — 0, (4,5

= (0,A,)B" + A,(0,B") by product rule on functions

=
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7
relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0% = 0 (&%, 3))
can we use the product rule with this scalar product?
0n((45)) =0,

(0,A,)BY + A,(0,B")

<8 A B> <21 0 §> since

(0uA0, 0, A1, 0, A2, 0,,A3)

I-
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v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0" = 9y ((€”, €)))

product rule holds: 9, (<}i, §>) = <(‘9M}i, §> + <}i, 8M§>
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0" = 9y ((€”, €)))

product rule holds: 9, (<}i, §>) = <(‘9M}i, §> + <}i, 8M§>

SO 0 = (Jue”, €x) + (€”,0,€))
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0" = 9y ((€”, €)))

product rule holds: 9, <}i, §>) = <(‘9M}i, §> + <}i, 8M§>
S0 0 = (9,€",€\) + (€”,0,€))

— (P, ) + (&1, )
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0" = 9y ((€”, €)))

product rule holds: 9, <}i, §>) = <(‘9M}i, §> + <}i, 8M§>

SO 0 = (9u€”,€x) + (€7, 0,€N)
= FY (7,8 + T, (&, &)
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0,0% = 0, ((€",€)))

product rule holds: 9, (< >) < 0, A §> + <}i, 8M§>
o'\

S0 0 = (9,€",€\) + (€”,0,€))
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

v 14
how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0u0% = 0. ({€”,€)))
product rule holds: 9, (<}i, §>) = <(‘9M}i, §> + <}i, 8M§>

S0 0 = (9,€",€\) + (€”,0,€))
= F% , + 17, since (€7, ey) = 6

SV . VO SA 120
hence, 9,é" =: F ¢* = —T" ;¢
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0,0\ = 9 ((¢”,€)))

product rule holds: 9, (<}i, §>) = <(‘9M}i, §> + <}i, 8M§>
S0 0 = (9,€",€\) + (€”,0,€))

= F% , + 17, since (€7, ey) = 6

SV . VO SA 120
nence, g e” =: Y e’ = 1% e

VAY = 0,AY + ANTY VA, = 9,A, — A,
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GR: gradient of oneformvA 1

evaluating VA as we did VA shows that we again need
0" = FVM’éA for some coefficients F% |

how can we relate T  to F* 7

relation between vectors and one-forms: (¢”, €)) = 0%
0= 0,0\ = 9 ((¢”,€)))

product rule holds: 9, (<}i, §>) = <(‘9M}i, §> + <}i, 8M§>
S0 0 = (9,€",€\) + (€”,0,€))

= F% , + 17, since (€7, ey) = 6

SV . VO SA 120
nence, g e” =: Y e’ = 1% e

UV __ AV ATV _ A
LA;M_A’MJrA [ 0 Auy = Auy— A,
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GR: smooth manifold and %g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &
giving Vg, = O\guw — F"L)\g,w — 1"\ gus

=
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GR: smooth manifold and 6g L

similarly, we can write the (0, 3)-tensor
Vg = (Vg ) @ e* @ &

giVing v)\g,uv — a)\g,uy I u Ik " Ik
also Vg~! = (Vyg"™)er @ &, ® &,

and Vg"” = g™ + T, g + TV, g

=
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GR: smooth manifold and 6g L

similarly, we can write the (0, 3)-tensor
Vg = (Vg ) @ e* @ &

giVing v)\g,uv — a)\g,uy I u Ik " Ik
also Vg~! = (Vyg"™)er @ &, ® &,

and Vg"” = g™ + T, g + TV, g

Do we know anything interesting about Vg for the
manifolds of interest to GR?
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GR: smooth manifold and 6g L

similarly, we can write the (0, 3)-tensor
Vg = (Vaguw)& ®@ e @ &

giving Vg, = O\guw — F"L)\g,w — 1"\ gus
also Vg~! = (Vyg"™)er @ &, ® &,

and Vg = oxg"” + TV grw + T\ Gus

Do we know anything interesting about Vg for the
manifolds of interest to GR?

First, we need a rough description of the manifolds we
need for GR.

=
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GR: smooth manifold and ?g

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed

=
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1

—-p.1


http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
e No differentiability, no metric needed

=
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http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
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http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
next: relation with R* (or M%)
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GR: smooth manifold and ?g L

topological manifold M
w:Manifold#Mathematical definition

e only topological properties needed
next: relation with R* (or M%)
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http://en.wikipedia.org/wiki/Manifold#Mathematical_definition
http://commons.wikimedia.org/wiki/File:Circle_with_overlapping_manifold_charts.svg
http://en.wikipedia.org/wiki/Manifold#Charts.2C_atlases.2C_and_transition_maps

GR: smooth manifold and ?g

topological manifold M

w:Manifold#Mathematical definition

e only topological properties needed

next: relation with R* (or M%)

0- AW [ -2 s KAy 00 [V =0 -R-[5]  sk+ecR

w:Manifold

e chart := function ¢,
from part of pseudo-4-
manifold M to part of M*
(Minkowski)

e atlas := set of overlap-
ping charts that cover M

1
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GR: smooth manifold and ?g L

if every transition chart := ¢ 0 ¢, in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and ?g L

if every transition chart := ¢ 0 ¢, in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold
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GR: smooth manifold and @g L

if every transition chart := ¢ 0 ¢, in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

W:
projections (left-to-right) ¢y, ¢2, ¢3 from S? to R?

=
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GR: smooth manifold and @g L

if every transition chart := ¢ 0 ¢, in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

¢1 is not differentiable, so ¢1 o ¢, * is not differentiable
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GR: smooth manifold and @g L

if every transition chart := ¢ 0 ¢, in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

atlas not enough to show that S? = differentiable
Lz-manifold

-p.19
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GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

=
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GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

=
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http://en.wikipedia.org/wiki/differentiable manifold
http://en.wikipedia.org/wiki/Riemannian metric

GR: smooth manifold and ?g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,
then (M,g) is a (pseudo-)Riemannian 4-manifold

=
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GR: smooth manifold and @g L

if every transition chart := ¢35 0 ¢! in an atlas for M is

differentiable on R* (or M%), then M is a
w:differentiable 4-(pseudo-)manifold

If V& > 1, Jk-th derivatives, then M Is a smooth
4-(pseudo-)manifold

If a (pseudo-)w:Riemannian metric g can be added to M,
then (M,g) is a (pseudo-)Riemannian 4-manifold

If g has signature (1,n — 1) (i.e. (—,+,+,+) or
(+,—,—,—), etc.), then (M,g) is a Lorentzian n-manifold

=
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GR: smooth manifold and 6g L

topological manifolds

=
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GR: smooth manifold and 6g L

topological manifolds
differentiable (pseudo-)manifolds

=

- A4 [0 @ &P-ds2 [V Ay M [V =0 -R-[5]  sr+ccr V-pot



GR: smooth manifold and @g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds

=
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GR: smooth manifold and 6g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds
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GR: smooth manifold and 6g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds
Lorentzian manifolds

=
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GR: smooth manifold and 6g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

=
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GR: smooth manifold and 6g L

topological manifolds
differentiable (pseudo-)manifolds
smooth (pseudo-)manifolds
(pseudo-)Riemannian manifolds

Lorentzian manifolds
Lorentzian 4-manifolds

GR: assume that spacetime is a Lorentzian 4-manifold

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uy — 3>\9W " u Ik " Ik

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uy — 3>\9W " u Ik " Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= O\9ur = Ox\Naw

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uy — 3>\9W " u Ik " Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= O\9ur = Oxnaw = 0

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uu — a)\g,uu e )\g/w " Ak

In the tangent space at x, 3 coordinate basis ¢j; with
Juv = Npp = dlag( 17 17 17 1) — g,uu

= O\gpw = Oxjw =

also, F%gx = €y = Onép

=
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GR: smooth manifold and Vg L

from labove:
v)\g,uu — a)\g,uu e )\g/w " Ak

In the tangent space at x, 3 coordinate basis ¢j; with

v = Npy = diag(—1,1,1,1) = g

= O\9ur = Oxnaw = 0

also, FXW@X = €p,p = Op€y

but in a Cartesian or Minkowski (vector) space, the basis

vectors always point in the same direction and their
lengths are fixed

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uy — 3>\9W " u Ik " Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= Oxgpw = Oxlw =

A —)_ '_—) _ —
also, I'}, ;€5 = € = Ouéy
4 A >
M :>FD/16>\—O

0 WE-[del [0 g- A lds? WA M- [V =0 R-[5]  sr+ecr V -p22



GR: smooth manifold and Vg L
from labove:

v)\g,uy — 3>\9W " u Ik " Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gﬂp = nlap = dlag( 1, 1, 1, 1) = gﬂﬂ

= Oxgpw = Oxlw =
also, I\ &5 := &y = 0,€

A

=

0 WE-[del [0 g- A lds? WA M- [V =0 R-[5]  sr+ecr V -p22



GR: smooth manifold and Vg L

from labove!
v)\g,uu — a)\g,uu e )\g/w " Ak

In the tangent space at x, 3 coordinate basis ¢j; with

gup = Ny = diag(—1,1,1,1) = gt

= N Gar = O\ =

also, T,,85 = €5 = Oéy

SO V;\gﬂp =0

so Vg = 0 (also Vg~! = 0) on the tangent space, since if
true in one coord system, also true in others

>~

=
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GR: smooth manifold and Vg L

from above!:
v)\g,uu — a)\g,uu r )\g/w r v Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= 3}9@:7 = KNaw =

so Vg = 0 = Vg~! on tangent space
..%g :0:69_1 on M

=
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GR: smooth manifold and Vg L

from above!:
v)\g,uu — a)\g,uu e )\g/w " Ak

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= Oxgpw = Oxlw =

so Vg = 0 = Vg~! on tangent space
..%g :0:69_1 on M
A L A . . .
.17, =17, In any coord. basis (symmetric defn)

=
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GR: smooth manifold and Vg L
from labove:

v)\g,uu — a)\g,uu r )\g/w r v Ik

In the tangent space at x, 3 coordinate basis ¢j; with
gup = Ny = diag(—1,1,1,1) = gt

= Oxgpw = Oxlw =

so Vg = 0 = Vg~! on tangent space
..%g :0:69_1 on M
A L A . . .
.17, =17, In any coord. basis (symmetric defn)

v = 59" (0ugur + Ovgur — Oxguwy) IN @ coordinate basis
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GR: directional deriv.: < VA V > 1

~ 5 A~ ~

e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

=

- A [dg- [0 g A ds?l Ay - [V =0 -R-[S]  sr+ecR V -p23



GR: directional deriv.: < VA V > 1

~ 5 A~ ~

e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

e how about moving along a specific curve?
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GR: directional deriv.: < VA V > 1

~ 5 A~ ~

e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(\)
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GR: directional deriv.: < VA V > 1

~ 5 A~ ~

e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

=
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GR: directional deriv.: < VA V > 1

~ 5 A~ ~

e Vo, VA, VA gave how the fields ¢, A, or A change
around the manifold in general

e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

e can define tangent vectors along the curve, i.e.

V) =&

=
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GR: directional deriv.: < %ff V>t

e Vo, VA, VA gave how the fields ¢, 4, or A change
around the manifold in general

e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

e can define tangent vectors along the curve, i.e.

> . dz dzt =
V(M) =T = dxou

=
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GR: directional deriv.: < VA V > 1

e Vo, VA, VA gave how the fields ¢, 4, or A change
around the manifold in general

e how about moving along a specific curve?

e curve on manifold parametrised by a continuously
changing real parameter \: x(A) = {z#(\)} In a
coordinate basis

e can define tangent vectors along the curve, i.e.
V=& = e

warning: {z#(\)} at some A on the manifold is a point on

the manifold but NOT a vector; while d¥ — in the tangent
space — IS a vector

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo .= <%gb, ‘7>

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo = <%gb, ‘7>

or in a coordinate basis...

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo = <%gb, ‘7>
= V10,0

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo = <%gb, ‘7>
— VI, ¢

V- written by Bertschinger without ~or ~ because Vy T of
tensor T has the same tensor orderas T

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

% = Vyo = <%gb, ‘7>
— VI, ¢

for a vector field:

=
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product (, )

B =Vro=(Vo,V)
— VIO,

dA _ YA v A ¥

W=vyd=(VAV)

or in a coordinate basis. ..
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using 17( A) = d>\’ L project covariant derivative to curve
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

= VIO,
d—f = VVA) = <§A},‘_/)>
= V¥V, ,AY)e,
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using 17( A) = d>\’ L project covariant derivative to curve

using scalar product ( )
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GR: directional deriv.. < VA,V >0
using 17( A) = d>\’ L project covariant derivative to curve
using scalar product( )

= V¥V, ,AY)e,
— V“(AVM + A"TVW)(?V
SO In a coord basis,

Vv A= (4% + VAT, ) 6,

=
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GR: directional deriv.. < VA,V >0
special (interesting) case: vector field A and curve with

tangents V := 4 where A “locally does not change
direction”
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GR: directional deriv.. < VA,V >0
special (interesting) case: vector field A and curve with

tangents V := dA  where A “locally does not change
direction”

l.e. VVILY =0
VA =0 defn: paraIIeI transport of 4 along path x(\)

where V = dA

=
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GR: directional deriv.: <V

example:

Ni



http://commons.wikimedia.org/wiki/File:Parallel transport.png

GR: directional deriv.: < VA V > 1
example:

Ni

on S?, parallel transport of

—

A around a closed loop

does not conserve A’s di-
rection

m-mm--m--@-@-lﬂu--m@m-g SR+€GR —p.26
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GR: directional deriv.: < fo, 7

V'V = 0|defn: w:geodesic

=
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GR: directional deriv.. < VA,V >
V'V = 0|defn: w:geodesic
e more general definition of “straight line" than “shortest
distance between two points"
e tensorial definition — independent of coordinate basis

e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T3

=
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GR: directional deriv.. < VA,V >
V'V = 0|defn: w:geodesic
e more general definition of “straight line" than “shortest
distance between two points"
e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?
e (4 + VHVFETY )é, =0
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GR: directional deriv.. < VA,V >
V'V = 0|defn: w:geodesic
e more general definition of “straight line" than “shortest
distance between two points"
e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?
e, -+ VIVATY =0V
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GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"

e tensorial definition — independent of coordinate basis
e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T?

: dz” dz" dz" v _
.. D2 -+ ﬁﬁr,{u = 0 Vv

=
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GR: directional deriv.. < VA,V >0
V'V = 0|defn: w:geodesic

e more general definition of “straight line" than “shortest
distance between two points"
e tensorial definition — independent of coordinate basis

e allows more than one “straight line" between two points
a and b in a manifold — consider S?, T3

: d?z” de" dx" v __
.. W—I—ﬁﬁfw—ovy
cf w:Euler-Lagrange equation

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

(“1" and “2" are not component indices here)

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

=
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http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

x A

=
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http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

x A
X dfl,dfz
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. Is a ® of 3 one-forms

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. has 3 covariant ® components

=
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http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
(“Inputs"),

l.e. Isa (7, 3) tensor

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn: | —R(-, A, d7;,dZ) := dA(")

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn: | —R(-, 4, d#, d#) := dA(")
(minus sign convention: MTW1973, Bertschinger)
w:RIlemann curvature tensor

=
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GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two

directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn:

(minus sign convention: MTW1973, Bertschinger)

—R(+, A, d#, d%) == dA(")

w:Rlemann curvature tensor

dA(")

=

— _R*
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http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two

directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn:
(minus sign convention: MTW1973, Bertschinger)

—R(+, A, d#, d%) == dA(")

w:Rlemann curvature tensor

dA(")

— _R*

i dw% dx? e@(-)
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http://en.wikipedia.org/wiki/Riemann curvature tensor

GR: parallel transp. @closed curve®

parallel transport around “small" parallelogram in two
directions dx;, dos,

What is the change in A after parallel transport around
the closed loop dzy, d7zs, —dz, —dxs ?

= must exist a tensor R that is a function of 3 vectors
and behaves like a vector (when applied to 3 vectors)

l.e. a (1, 3) tensor

defn: | —R(-, 4, d#, d#) := dA(")
(minus sign convention: MTW1973, Bertschinger)
w:RIlemann curvature tensor

dA() = —R! AV da§ da €,()

Li.e. —R=3" 3,2 >R a0 e @el
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GR: Riemann tensor

how can R be evaluated?

=
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how can R be evaluated?
use covariant derivatives of covariant derivatives ...
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VQVB — VBVQ)A“ = Ruyaﬁ

AY In a coord. basis
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GR: Riemann tensor L

how can R be evaluated?

use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VgVa)A# = R/ ;A in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VQVB — VBVQ)A“ = Ruyaﬁ

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis

AY In a coord. basis

using [V, A" from above and similar formulae, ...

R”mBA’/ = (F‘;B,a — F”mﬁ + F’QQF“VB — T T )A”

In a coord. basis

B

=
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VgVa)A# = R/ ;A in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis

using [V, A" from above and similar formulae, ...

R”mBA’/ = (F‘;B,a — F”mﬁ + F’QQF“VB — T T )A”

In a coord. basis
o [V |- sum over first order partial derivatives of g, . ..

5
=
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GR: Riemann tensor L

how can R be evaluated?
use covariant derivatives of covariant derivatives ...
Ricci identity:

(VaVg = VgVa)A# = R/ ;A in a coord. basis

also written with commutator |, |
Vo, VglAt = R, 5 A” in a coordinate basis

using [V, A" from above and similar formulae, ...

R”mBA’/ = (F‘;B,a — F”mﬁ + F’QQF“VB — T T )A”

In a coord. basis
o F%: sum over first order partial derivatives of g,,., . ..

B

e SO R has second order partial derivatives of g,,, . ..
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GR: Riemann tensor L

e first order 0:

(pseudo-)manifold locally like R? (M%), 3 coords where
[, =0 locally

=
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GR: Riemann tensor L

e first order 0.

(pseudo-)manifold locally like R? (M%), 3 coords where
[, =0 locally

e second order 0.

(pseudo-)manifold globally like R® (M) < R,  ;(x) = 0 Vx

=
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GR: Bianchi, Riccl, Einstan

... second Bianchi identity:
VO'RIU/VKJ)\ _I_ V/{/RIUI _|_ V)\Rluyo'ﬁ; — O

VO

=
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +ViR", 4+ VaRLew=0

w:RIcci curvature tensor (by components):
Ry = R,

=
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GR: Bianchi, Riccl, Einstan

... second Bianchi identity:
VO'RIU/VKJ)\ _I_ V/{RIUI _|_ V)\Rluyo'/{ — O

VO
w:RIcci curvature tensor (by components):
Ry = RO;MV
w:scalar curvature = Ricci scalar:
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +ViR", 4+ VaRLew=0

VO
w:RIcci curvature tensor (by components):
Ry = RO;MV
w:scalar curvature = Ricci scalar:
R:=g" R,
warning: “R" written coordinate-free (without indices)
may mean:

e an order 4, dimension 256 tensor R;

e an order 2, dimension 16 tensor R or R; or

e an order 0, dimension 1 tensor = scalar R

e all three are fields over a spacetime 4-manifold

=
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GR: Bianchi, Riccl, Einstein
... second Bianchi identity:
VoR' +ViR", 4+ VaRLew=0

VO

w:RIcci curvature tensor (by components):
Ry = RO;MV
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g" R) =0

=
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +ViR", 4+ VaRLew=0

VO
w:RIcci curvature tensor (by components):
Ry = RO;MV
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g" R) =0

defn Einstein tensor (by components):
GM := RM" — 3g" R
= V,G'" =0

=
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GR: Bianchi, Riccl, Einstein L
... second Bianchi identity:
VoR' +ViR", 4+ VaRLew=0

VO
w:RIcci curvature tensor (by components):
Ry = RO;MV
w:scalar curvature = Ricci scalar:

w:Proofs involving covariant derivatives
V(R — 2g"R) =0

defn Einstein tensor (by components):
GM := RM" — 3g" R

= V, G =0
va:List of formulas in Riemannian geometry
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GR: other basic topics

w:Stress-energy tensor
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GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
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GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model

=
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w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model
w:Schwarzschild metric
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GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model
w:Schwarzschild metric

w:Friedmann-Lemaitre-Robertson-Walker metric
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GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model
w:Schwarzschild metric
w:Friedmann-Lemaitre-Robertson-Walker metric
maxima - component tensor packet ctensor; itensor

=

m-wm--@--@-@-@h-m@-mg SR+€GR V- p32


http://en.wikipedia.org/wiki/Stress-energy tensor
http://en.wikipedia.org/wiki/Einstein field equations
http://en.wikipedia.org/wiki/Equivalence principle
http://en.wikipedia.org/wiki/Schwarzschild metric
http://en.wikipedia.org/wiki/Friedmann-Lemaitre-Robertson-Walker metric
http://en.wikipedia.org/wiki/ADM formalism
http://cactuscode.org

GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model
w:Schwarzschild metric
w:Friedmann-Lemaitre-Robertson-Walker metric
maxima - component tensor packet ctensor; itensor
wW:ADM formalism
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GR: other basic topics L

w:Stress-energy tensor

w:EInstein field equations

G = 87 T (as tensors)
G, = 8T, (by components)
w:Equivalence principle

can be thought of as a consequence of the model
w:Schwarzschild metric
w:Friedmann-Lemaitre-Robertson-Walker metric
maxima - component tensor packet ctensor; itensor
wW:ADM formalism

Cactus - http://cactuscode.org

=
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